In this paper, by means of a series of counterexamples, we study in a systematic way the relationships among (pseudo, quasi) α-preinvexity, (strict, strong, pseudo, quasi) α-invexity and (strict, strong, pseudo, quasi) αη-monotonicity. Results obtained in this paper can be viewed as a refinement and improvement of the results of Noor and Noor [M.A. Noor, K.I. Noor, Some characterizations of strongly preinvex functions,
Introduction
It is well known that convexity and monotonicity play an important role for studying optimization problems, equilibrium problems and variational inequality problems. In recent years, the concepts of convexity and monotonicity have been generalized and extended in several directions by using novel and innovative techniques. An important and significant generalization of convexity and monotonicity is the introduction of preinvexity, invexity and η-monotonicity, see [1] [2] [3] [4] [5] [6] 9] and references therein. Recently, M.A. Noor and K.I. Noor in [7] introduced more general convexity and monotonicity, which are called α-preinvexity, α-invexity and αη-monotonicity.
Motivated and inspired by ideas of Noor and Noor, in this paper, we study in a systematic way the relationships among (pseudo, quasi) α-preinvexity, (strict, strong, pseudo, quasi) α-invexity and (strict, strong, pseudo, quasi) αη-monotonicity by means of a series of counterexamples. We also prove some new results. Results proved in this paper represent refinement and improvement of the results of Noor and Noor [7] in several directions.
This paper is organized as follows. In Section 2, we study the relations among α-preinvexity, pseudo α-preinvexity and quasi α-preinvexity. In Section 3, we discuss the relations among α-invexity, pseudo α-invexity and quasi α-invexity. In Section 4, we investigate the relations between (pseudo, quasi) α-preinvexity and (pseudo, quasi) α-invexity. In Section 5, we research the relations among αη-monotonicity, pseudo αη-monotonicity and quasi αη-monotonicity. In last section, we consider the relations between (strict, strong, pseudo, quasi) α-invexity and (strict, strong, pseudo, quasi) αη-monotonicity.
Let H be a real Hilbert space with inner product ·,· and norm · and K be a nonempty subset of H . Let F : K → R and α : K × K → R \ {0} be two real-valued functions and η : K × K → H be a vector-valued mapping, which is not necessarily continuous. α(·,·) is said to be a symmetric function if
Note that all of concepts in this paper are taken from [7] . Definition 1.1. Let u ∈ K. The set K is said to be α-invex at u with respect to η(·,·) and α(·,·) if
K is said to be an α-invex set with respect to η and α if it is invex at each u ∈ K. α-invex set is also called αη-connected set. Clearly, K is a convex set with α(v, u) = 1, η(v, u) = v − u and is an invex set in [8] with α(v, u) = 1 for all u, v ∈ K, but the converses are not true.
From now on, unless otherwise specified, we assume that K is a nonempty α-invex set with respect to η and α.
Relations among α-preinvexity, pseudo α-preinvexity and quasi α-preinvexity
In this section, we investigate the relations among α-preinvexity, pseudo α-preinvexity and quasi α-preinvexity. Firstly, we recall these notions. Definition 2.1. The function F on the α-invex set K is said to be (i) α-preinvex with respect to η and α if, for any u, v ∈ K and t ∈ [0, 1],
(ii) pseudo α-preinvex with respect to η and α if there exists a strictly positive function b : K × K → R ++ such that, for any u, v ∈ K and t ∈ [0, 1],
(iii) quasi α-preinvex with respect to η and α if, for any u, v ∈ K and t ∈ [0, 1],
Lemma 2.1. α-Preinvexity does not imply pseudo α-preinvexity and pseudo α-preinvexity does not also imply α-preinvexity, that is, they are two totally different concepts.
See the following two examples:
where c ∈ R is a constant. Then K is an α-invex set with respect to α and η and
which indicates that F is α-preinvex with respect to α and η on K.
On the other hand, for any t ∈ (0, 1) and any strictly positive function b :
for any u, v ∈ K, which shows that F is not pseudo α-preinvex with respect to η and α on K.
is a strictly positive function and, for any t ∈ [0, 1],
which indicates that K is an α-invex with respect to α and η.
Thus, F is pseudo α-preinvex with respect to α and η on K.
On the other hand, for any u, v ∈ K and t ∈ [0, 1], we have
Taking v = − , we obtain
This shows that F is not α-preinvex with respect to η and α on K.
Lemma 2.2. α-Preinvexity implies quasi α-preinvexity, but the converse is not true.
Proof. Let F be α-preinvex with respect to η and α on K. Then for any u, v ∈ K and t ∈ [0, 1], it follows that
which shows that F is quasi α-preinvex with respect to η and α on K. 2
By Example 2.2, we know that K is α-invex and F is not α-preinvex with respect to η and α on K. However, for any u, v ∈ K and t ∈ [0, 1], we have
Hence, F is quasi α-preinvex with respect to η and α on K. See the following two examples:
which implies that F is pseudo α-preinvex with respect to η and α on K.
On the other hand, for u, v ∈ K: v < u and t = 3
, we have F (u) < F (v) and
This shows that F is not quasi α-preinvex with respect to η and α on K.
and F (u) be same as in Example 2.1. By Example 2.1, we know that K is an α-invex set with respect to α and η and F is not pseudo α-preinvex with respect to α and η on K. However, for any u, v ∈ K and t ∈ [0, 1],
where c ∈ R is a constant. Hence, F is quasi α-preinvex with respect to α and η on K.
Relations among α-invexity, pseudo α-invexity and quasi α-invexity
In this section, we study the relations among α-invexity, pseudo α-invexity and quasi α-invexity. Let the function F : K → R be differentiable on K. Definition 3.1. F on the α-invex set K is said to be (i) α-invex with respect to α and η if
where F (u) denotes the differential of F at u ∈ K; (ii) strictly α-invex with respect to α and η if
(iii) strongly α-invex with respect to α and η if there exists a constant μ > 0 such that, for any u, v ∈ K,
(iv) pseudo α-invex with respect to α and η if, for any u, v ∈ K,
(v) strictly pseudo α-invex with respect to α and η if, for any u, v ∈ K,
(vi) strongly pseudo α-invex with respect to α and η if there exists a constant μ > 0 such that,
(vii) quasi α-preinvex with respect to α and η if, for any u, v ∈ K,
Lemma 3.1. It is clear that α-invexity implies pseudo α-invexity, but the converse is not true.
0. This shows that F is pseudo α-invex with respect to α and η on K.
On the other hand, for u = 0 and v = 1, we have
So, F is not α-invex with respect to α and η on K.
Lemma 3.2. It is clear that α-invexity implies quasi α-invexity, but the converse is not true.

Example 3.2. Let K, α(v, u), η(v, u)
and F (u) are same as in Example 3.1. By Example 3.1, we know that F is not α-invex with respect to α and η on the α-invex set K. However, for any
which shows that F is quasi α-invex with respect to α and η on K.
Lemma 3.3. Pseudo α-invexity does not imply quasi α-invexity and quasi α-invexity does not also imply pseudo α-invexity, that is, they are two different notions.
Then K is an α-invex set with respect to η and α and
which implies that F is pseudo α-invex, but not quasi α-invex with respect to η and α on K.
v<u. Then K is an α-invex set with respect to η and α and
which shows that F is quasi α-invex, but not pseudo α-invex with respect to η and α on K.
Relations between (pseudo, quasi) α-preinvexity and (pseudo, quasi) α-invexity
In this section, we discuss the relations between pseudo and quasi α-preinvexity and pseudo and quasi α-invexity. Concerned with the relation between α-preinvexity and α-invexity, see [7, Theorem 3.1] .
Lemma 4.1. Pseudo α-preinvexity implies pseudo α-invexity, but the converse is not true.
Proof. Let F be pseudo α-preinvex with respect to η and α on K. Then there exists a strictly positive function b :
Consequently,
By (1), we get F (v) > F (u) and then F is pseudo α-invex with respect to η and α on K. 2
which shows that F is pseudo α-invex with respect to η and α on K.
On the other hand, if F (v) = F (u), then v = u and, for any strictly positive function b : K × K → R ++ and any t ∈ (0, 1),
which shows that F is not pseudo α-preinvex with respect to η and α on K.
Lemma 4.2. Pseudo α-preinvexity implies quasi α-invexity, but the converse is not true.
Proof. Let F be pseudo α-preinvex with respect to η and α on K. Then there exists a strictly positive function b : K × K → R ++ such that (1) holds for any u, v ∈ K and t ∈ [0, 1].
Take arbitrarily u, v ∈ K and let F (v) F (u). By (1), it follows that
Letting t ↓ 0, by (3), we have
Thus, F is quasi α-invex with respect to η and α on K. 2
Then, for any t ∈ [0, 1],
which indicates that K is an α-invex set with respect to η and α. If F (v) F (u), then v u and, for any strictly positive function b : K × K → R ++ and any t ∈ (0, 1),
which shows that F is quasi α-invex, but not pseudo α-preinvex with respect to η and α on K.
Lemma 4.3. Quasi α-preinvexity implies quasi α-invexity, but the converse is not true.
Proof. Let F be quasi α-preinvex with respect to α and η on K. Then (2) holds for any u, v ∈ K and t ∈ (0, 1).
Assume that F (v) F (u).
By (2) and (3), we can deduce that
which indicates that F is quasi α-invex with respect to η and α on K. 2
Example 4.3. Let K, F (u), α(v, u)
and η(v, u) be same as in Example 4.1. By Example 4.1, we know that K is an α-invex set with respect to η and α and
Thus, F is quasi α-invex with respect to η and α on K.
On the other hand, taking arbitrarily u ∈ K and t ∈ (0, 1) and letting v = u + t 2 , we have
which implies that F is not quasi α-preinvex with respect to η and α on K.
Lemma 4.4. Quasi α-preinvexity does not imply pseudo α-invexity and pseudo α-invexity does not also imply quasi α-preinvexity.
See the following two examples: 
which shows that F is not pseudo α-invex with respect to η and α on K.
On the other hand, for any u, v ∈ K and t ∈ [0, 1],
Hence, F is quasi α-preinvex with respect to η and α on K.
Relations among αη-, pseudo αη-and quasi αη-monotonicity
In this section, we consider the relations among αη-monotonicity, pseudo αη-monotonicity and quasi αη-monotonicity. Definition 5.1. An operator T : K → H on the α-invex set K is said to be
(iii) strongly αη-monotone if there exists a constant β > 0 such that, for any u, v ∈ K,
(vi) strongly pseudo αη-monotone if there exists a constant μ > 0 such that, for any u, v ∈ K,
Lemma 5.1. It is clear that strict (respectively strong) αη-monotonicity implies αη-monotonicity, but the converse is not true.
Then K is an α-invex set with respect to α and η and T is αη-monotone on K. But T is neither strictly nor strongly αη-monotone.
Lemma 5.2. Strict αη-monotonicity does not imply strong αη-monotonicity and strong αη-monotonicity does not also imply strict αη-monotonicity.
which shows that K is an α-invex set with respect to η and α and T is strictly αη-monotone on K.
On the other hand, for any β > 0 and any u ∈ K, take v = u + 2 β . We can deduce that
Thus, T is not strongly αη-monotone on K.
Then K is an α-invex set with respect to η and α. For β = 1 2 and any u, v ∈ K, we can deduce that
Therefore, T is strongly but not strictly αη-monotone on K.
Lemma 5.3. It is clear that αη-monotonicity implies pseudo (respectively quasi) αη-monotonicity, but the converse is not true.
Thus, T is both pseudo and quasi αη-monotone, but not αη-monotone on K. 
which shows that T is quasi αη-monotone on K.
On the other hand, for u, v ∈ K: v < 0 < u, we have
So, T is not pseudo αη-monotone on K.
Relations between α-invexity and αη-monotonicity
In this section, we research the relations between (strict, strong, pseudo, quasi) α-invexity of the differentiable function F (u) and (strict, strong, pseudo, quasi) αη-monotonicity of its differential F (u).
Using the similar proof way of the first consequence in [7, Theorem 3.2] , we have the following relation.
We prove the following result, which is a modification of a result of Noor and Noor [7, 
(ii) η is a skew mapping such that
Then F is strongly α-invex with modulus 2β on K.
Proof. Take arbitrarily u, v ∈ K and t ∈ [0, 1] and let v t = u+tα (v, u)η(v, u) . By the α-invexity of K and the strong αη-monotonicity of F (u), we know that v t ∈ K and
From (4) and (5), it follows that
Let
Then, it follows from (6) that
By the assumption (iii), we get
which shows that F is strongly α-invex with the modulus 2β. 2
With the similar way in Theorem 6.1, we have the following consequence.
The following relation is an direct consequence of the definitions of strictly pseudo α-invexity and strictly pseudo αη-monotonicity.
Lemma 6.2. If F is strictly pseudo α-invex on K, then its differential F (u) is strictly pseudo αη-monotone on K.
Concerning the converse relation, we have the following theorem. Proof. Take arbitrarily u, v ∈ K and t ∈ [0, 1] and let α(v, u)F (u), η (v, u) 0. Then
where
which can be written as α (v, u We modify the result of [7, Theorem 3.5] by the following theorem. From the strongly pseudo αη-monotonicity of F (u), it follows that (7) holds. By using the technique in Theorem 6.3, we can prove that F is strongly pseudo α-invex with modulus μ on K. 2
